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Abstract
We use a recent implementation of the large D expansion in order to construct the higher-
dimensional Kerr-Newman black hole and also new charged rotating black bar solutions of
the Einstein-Maxwell theory, all with rotation along a single plane. We describe the space
of solutions, obtain their quasinormal modes, and study the appearance of instabilities as
the horizons spread along the plane of rotation. Generically, the presence of charge makes
the solutions less stable. Instabilities can appear even when the angular momentum of the
black hole is small, as long as the charge is sufficiently large. We expect that, although
our study is performed in the limit D →∞, the results provide a good approximation for
charged rotating black holes at finite D ≥ 6.
ar
X
iv
:1
81
0.
06
99
3v
1 
 [h
ep
-th
]  
16
 O
ct 
20
18
1 Introduction
Rotation and charge often have similar effects on a black hole, both of them opposing the
gravitational field attraction. The Kerr-Newman solution indeed shows that, for a given
mass, the black hole reduces its size as either charge or rotation are added [1].
In higher dimension D ≥ 5 one expects that these behaviors not only persist but
become more varied, since the gravitational effects of rotation and charge have different
fall-off with distance. It is natural to anticipate a rich spectrum of black hole physics as
charge and rotation are increased, extending what is already known when only rotation
is present [2]. However, the investigation of this problem has been hampered by the
striking fact that, long after Tangherlini extended the Reissner-Nordstro¨m solution to any
D ≥ 5 [3], and Myers and Perry did likewise for the Kerr solution [4], the only charged
and rotating black hole solution of the Einstein-Maxwell equations known exactly in any
D ≥ 4 remains the Kerr-Newman solution1.
Although approximate solutions have been obtained through a variety of methods2,
large regions in parameter space remain poorly explored where unusual features of black
holes may be revealed. We find particularly appealing the discovery in [13] of near-
extremal charged black holes in all D ≥ 6 which have arbitrarily small spin but are
nevertheless very far from the extremal Reissner-Nordstro¨m black hole. Their horizons
are not approximately round but are instead highly pancaked along the rotation plane,
even though their angular momentum and angular velocity are small. In the extremal
limit they approach a static, singular disk of charged dust. Little else is known about
these black holes. The methods of [13] only yield access to certain limits of parameter
space and do not allow, e.g., to connect between the Reissner-Nordstro¨m solution and
these pancaked near-extremal black holes. Interestingly, although the latter are arbitrarily
close to extremality, they were conjectured in [13] to be dynamically unstable due to an
undamped quasinormal mode. Unfortunately, the quasinormal spectra of black holes with
both charge and rotation are almost unknown3.
In this article we show that many of these limitations can be overcome through the
use of the large-D effective theory of black holes [19, 20, 21, 22, 23, 24, 25], and more
specifically its recent efficient implementation in [26]. As we will see, these methods allow
to analytically investigate black hole phases with arbitrary values of the charge and of the
angular momentum (in a single plane), as well as to obtain their quasinormal spectrum at
low frequencies, ω = O (D0). Rotations in any finite number of planes are straightforward
1In this article we only consider asymptotically flat black hole solutions of the pure Einstein-Maxwell
theory, without any Chern-Simons terms nor additional scalar fields.
2These include: perturbatively small charge [5, 6, 7, 8] or slow rotation [9, 10, 11, 12]; charged rotating
black holes with two widely separate horizon length scales [13, 14, 15]; charged black holes in large odd D
[16] or at large D with either small charge or rotation [17, 18].
3All the studies that we know of use the large D expansion: [12, 18] for small charge or rotation, and
[16] for black holes with all rotations turned on in odd D.
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to add, but we will not pursue this in this article.
We expect that our results are not only qualitatively but also quantitatively good in
any D ≥ 6. This is a reasonable prospect given the remarkable accuracy that the large-D
methods have obtained for the features, including instability onsets and unstable growth
rates, of neutral rotating black holes in this range of dimensions [26, 27]. In contrast,
rotating black holes in D = 5 typically exhibit qualitative differences compared to D = 4
and D ≥ 6; it would not be surprising if the non-perturbative corrections to the 1/D
expansion became large in D = 5.
The approach started in [26] for the investigation of black holes succeeds by focusing
on the region of the horizon where, when D is large, most of the physics of the black hole
concentrates: a small cap of polar-angular extent ∆θ = O
(
1/
√
D
)
around the rotation
axis. Here the horizon is well approximated by a gaussian bulge on a black membrane.
That is, we study lumps on a black brane that share the main properties of a localized
black hole. The study of this bulge accurately reproduces properties of the black hole such
as its shape, area, mass, and angular momentum. Moreover, its linear perturbations can be
solved to obtain the waveforms and frequencies of the least-damped quasinormal modes. In
addition, this approach has revealed the existence of ‘black bar’ configurations: elongated,
bar-shaped rotating black holes whose emission of gravitational radiation vanishes to all
perturbative orders in 1/D and therefore evolve very slowly at finite but large D.
We will see that the methods of [26] readily extend to black holes with charge in
addition to rotation —surprisingly easily, given the difficulties in doing so at any finite
D. Although technically the extension is straightforward, the resulting parameter space
becomes richer with the inclusion of charge. In particular, we will be able to interpo-
late between the static, spherical Reissner-Nordstro¨m black hole, and the near-extremally
charged, small-spin pancaked black holes of [13]. Along the way, we will identify the
quasinormal modes that trigger the instability of the latter. We will also construct a new
family of charged black bars, which remain stationary since their radiation into photons
and gravitons is exponentially suppressed in the 1/D expansion.
Figure 1 summarizes our main findings concerning the space of solutions of charged
rotating black holes. We refer to the axisymmetric charged rotating solutions as “the large-
D limit of the higher-dimensional Kerr-Newman black hole”. This is justified since these
solutions correctly reproduce the limit D → ∞ of the Reissner-Nordstro¨m-Tangherlini
black hole when J = 0, and of the Myers-Perry black hole when Q = 0.
Our plan is as follows. In the next section we present the formalism that we employ
throughout the article. In sec. 3 we construct and study the solutions that correspond
to the limit D → ∞ of the Kerr-Newman black hole. Sec. 4 describes charged black
bars. Sec. 5 computes the quasinormal modes and stability properties of the solutions
of the previous sections. We then conclude in sec. 6. In appendix A we show that the
Reissner-Nordstro¨m-Tangherlini solution is correctly recovered with our methods in the
limit D →∞.
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Figure 1: Phases of the charged rotating black holes constructed in this article to leading order
in the 1/D expansion. We label them by their angular momentum J and charge Q for fixed
mass M . The charge is bounded above, Q ≤ M/√2, but the upper, extremal limit lies outside
the strict range of validity of our construction. Kerr-Newman-like (KN) black holes exist for
all J/M . The black line J/M = 2
(
1− 2(Q/M)2)1/4 separates the region (blue) where they
are stable and round-shaped (“plump”), from the region (red, light and dark) where they are
unstable and pancake-shaped (eq. (5.6)). Charged black bars exist in the red regions (sec. 4.1),
but are stable (and only to leading order in 1/D) only in the light-red area with outer boundary
J/M = (3/
√
2)
(
1− 2(Q/M)2)1/4 (eq. (5.8)). In the upper-left corner there exist near-extremal
black holes with arbitrarily small spin (sec. 3.3): below the black line they are close to the Reissner-
Nordstro¨m solution, approximately spherical and stable; above the black line they are unstable
and highly pancaked.
2 Effective equations
We study electrically charged black holes of the Einstein-Maxwell theory
I =
∫
dDx
√−g
(
R− 1
4
F 2
)
, (2.1)
in the limit of large D. Setting
D = n+ p+ 3 , (2.2)
with finite p, and expanding in series of 1/n, ref. [23] investigated solutions in the form of
fluctuating black p-branes extended along spatial directions σi, i = 1, . . . , p ,
ds2 = 2dtdr −Adt2 − 2
n
Cidσ
idt+
1
n
Gijdσ
idσj + r2dΩn+1 , (2.3)
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where R = rn. The metric coefficients are
A = 1− m(t, σ)
R
+
q(t, σ)2
2R2
, Ci =
(
1− q(t, σ)
2
2m(t, σ)R
)
pi(t, σ)
R
, (2.4)
Gij = δij +
1
n
{(
1− q(t, σ)
2
2m(t, σ)R
)
pi(t, σ)pj(t, σ)
m(t, σ)R
− ln
(
1− m−(t, σ)
R
)[
2δij +∇i pj(t, σ)
m(t, σ)
+∇j pi(t, σ)
m(t, σ)
]}
, (2.5)
and the electric potential is
At = −q(t, σ)
R
. (2.6)
The worldvolume collective fields m(t, σ), q(t, σ) are the mass and charge density of
the black brane. The fields pi(t, σ) are often conveniently traded for velocities vi(t, σ)
through
pi = mvi +∇im. (2.7)
We also find it convenient to define
m± =
1
2
(
m±
√
m2 − 2q2
)
. (2.8)
The Einstein-Maxwell equations are solved to O (1/D) if and only if these collective
fields satisfy the effective equations for mass continuity,
∂tm+∇i(mvi) = 0 , (2.9)
for momentum continuity,
∂t(mv
i) +∇j(mvivj + τ ij) = 0 (2.10)
with stress tensor
τij = − (m+ −m−) δij − 2m+∇(ivj) − (m+ −m−)∇i∇j lnm, (2.11)
and for charge continuity,
∂tq +∇iji = 0 (2.12)
with current
ji = qvi −m∇i
( q
m
)
. (2.13)
Note that the one-derivative terms in τij and ji can be interpreted as viscous stresses and
charge diffusivities. It has been proven in [23] that, with these equations, charge diffusion
leads to entropy production but viscosity does not.
The solutions have an outer event horizon at R = m+(t, σ) wherever and whenever
m(t, σ) >
√
2q(t, σ). In principle the extremal limit m =
√
2q lies outside the range of
validity of the approximations made in the derivation. Taking the extremal limit requires
separate study, and therefore in this article we will always remain strictly away from it.
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2.1 Stationary configurations
Following [26], we investigate stationary configurations where the mass and charge density
are Lie-dragged with velocity vi,
(∂t + v
i∂i)m = 0 , (∂t + v
i∂i)q = 0 , (2.14)
but without acceleration, ∂tv
i = 0. In addition we require that dissipative effects are
absent, be they viscous shear and expansion or charge diffusion, so that
∇(ivj) = 0 (2.15)
and
∇i
( q
m
)
= 0 . (2.16)
The latter implies that
q ≡ q
m
(2.17)
is a constant, so that the charge density must proportionally track the mass density exactly.
This property of the charge distribution in stationary configurations provides the crucial
simplification that will allow us to easily obtain charged rotating black hole solutions from
neutral ones.
In order to see how this occurs, we derive a single master equation for stationary
configurations in terms of the area-radius variable
R = lnm. (2.18)
The derivation piggybacks on [23] and [26] to arrive at
∇i
(
v2
2
+
m+ −m−
m
(
R+∇j∇jR+ 1
2
∇jR∇jR
))
= 0 . (2.19)
Noting that (2.17) implies that m±/m are constants, we define a ‘charge-rescaled velocity’
viq =
√
m
m+ −m− v
i =
vi
(1− 2q2)1/4
. (2.20)
Then, after absorbing an integration constant by shifting R (which is simply a rescaling
of the mass), the master equation takes the form
v2q
2
+R+∇j∇jR+ 1
2
∇jR∇jR = 0 . (2.21)
All of the dependence on the charge in this equation is encoded in vq. Therefore,
given a neutral stationary solution for R with velocity v, we can immediately construct
a charged stationary solution by substituting v → vq. Note that this substitution must
not be applied when v appears through the comoving dependence on σi − vit, since this
is fixed by the stationarity condition of invariance under ∂t + v
i∂i.
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After obtaining in this manner the mass density m = expR for the new charged
solution in terms of vq, the actual velocity of the flow, v, will be given in terms of vq
through (2.20), and the charge density will be proportional to m as in (2.17).
Observe that this mapping from neutral to charged solutions implies that two black
holes can have the same profile for m even if their charges and rotations are very different.
In particular, an almost static (small v) but highly charged black hole (q slightly below
1/
√
2), can have the same shape as a neutral black hole with large velocity if the two
solutions have the same value of vq.
3 Charged rotating black holes: Kerr-Newman at D →∞
The solutions of (2.21) for stationary axially symmetric charged lumps on a 2-brane that we
construct in this section correspond to the large-D limit of the elusive higher-dimensional
generalization of the Kerr-Newman black hole.
3.1 Solution
We employ polar coordinates (r, φ) on the 2-brane. Ref. [26] found the neutral solution
that describes the Myers-Perry rotating black hole, with area-radius profile
R(r) = 2
1 + a2
(
1− r
2
4
)
, (3.1)
and angular velocity
vφ = Ω =
a
1 + a2
. (3.2)
When we fix the overall scale, e.g., by fixing the mass, this is a one-parameter family of
solutions with the rotation parameter a varying in [0,∞). We restrict to non-negative
angular velocities without loss of generality. Observe that Ω varies between 0 and 1/2,
the latter maximum being reached when a = 1.
Applying the procedure described at the end of the previous section we obtain a charged
rotating solution, with
R(r) = 2
1 + a2q
(
1− r
2
4
)
. (3.3)
The constant aq is not the rotation parameter anymore, but can be regarded as character-
izing the spread of the gaussian for m(r) = exp (R(r)). Now we have a family of solutions
with two parameters, aq and q, whose range is
0 ≤ aq <∞ , 0 ≤ q < 1√
2
. (3.4)
The angular velocity is determined by (2.20) as
Ω =
(
1− 2q2)1/4 aq
1 + a2q
, (3.5)
6
and the angular momentum, charge and horizon entropy for a given mass are
J = 2aq
(
1− 2q2)1/4M , (3.6)
Q = qM , (3.7)
S = 2pi
(
1 +
√
1− 2q2
)
M . (3.8)
In addition, the temperature and electric potential are4
T =
√
1− 2q2
2pi
(
1 +
√
1− 2q2
) , (3.9)
and
Φ =
2q
1 +
√
1− 2q2 . (3.10)
These satisfy
M = TS + ΦQ . (3.11)
Observe that the rotation term ΩJ does not appear in this relation: at large D it only
enters at next to leading order [20] since the velocities and momenta along the effective
membrane are O
(
1/
√
D
)
. Since (3.7)–(3.10) are fixed by the properties of the charged
membrane and therefore are common to all stationary solutions of the effective equations,
in order to distinguish different phases we need to consider their rotational properties.
In appendix A we verify that the solution with aq = 0, Ω = 0 corresponds to the
large-D limit of the static Reissner-Nordstro¨m black hole.
3.2 Uniqueness
An immediate consequence of our construction is the uniqueness of the solutions: given J
and Q for fixed mass M , the parameters aq and q are uniquely determined and therefore
so is the solution too.
This result is perhaps not unexpected, but given the previous lack of knowledge about
these black holes when neither J nor Q are infinitesimally small, it was not obviously
foreordained. The uniqueness only holds, though, within the Kerr-Newman class: it will
be violated by the charged black bars of the next section (but only at D → ∞) and by
other classes of charged black holes, such as charged black rings and bumpy black holes
(in all D ≥ 6).
4The dimensionally correct area is actually not proportional to M but to M1+1/(n+2), and Ω and T are
proportional to M−1/(n+2), but we neglect these differences in the limit n→∞. Moreover, at large D the
actual physical values of J/M and AH/M are 1/D times those in (3.6) and (3.8), and T is D times (3.9);
here they have all been rescaled to render them finite [23]. Finally, we use units where 16piG = 1.
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3.3 Effects of charge and rotation
Let us now use (3.7) to rewrite (3.6) as
aq =
J
2M
1(
1− 2
(
Q
M
)2)1/4 . (3.12)
This equation serves to illustrate the effect that angular momentum and charge have on
the shape of a black hole of a given mass. Increasing the spin J results in a proportionately
larger spread of the black hole aq, as is already familiar for rotating black holes in any
D ≥ 6 [28]. If we then add charge, we see that the rotational spreading is enhanced.
This effect, which, again, we expect to happen in every D ≥ 6, is naturally attributed to
electrostatic repulsion: intuitively, the horizon becomes less gravitationally tight.
We can also see in (3.8) how the charge reduces the horizon area for a given black hole
mass, which is a generic phenomenon in all D ≥ 4. Observe, however, that the presence
of rotation does not change the horizon area. As discussed above, this is a leading large-
D effect, which can be explicitly observed for Myers-Perry black holes. Relatedly, note
that the extremal limit (which, as we said, strictly lies outside the scope of our analysis)
depends only on Q/M but not on J/M . This is in contrast to the properties of the
four-dimensional Kerr-Newman solution, but on the other hand is in consonance with the
absence of an extremal rotating limit for singly-spinning black holes in D ≥ 6.
Consider now solutions with fixed charge-to-mass ratio q. Eq. (3.5) implies that the
maximum rotation velocity in this case is
Ωmax =
1
2
(
1− 2q2)1/4 . (3.13)
For any other value of the rotation, Ω in (3.5) is a two-valued function of aq, so there
are two possible black holes with the same charge and angular velocity: a ‘plump’ one
with aq < 1 and a corresponding ‘pancaked’ one with aq > 1. In particular, close to the
extremal charge limit, for any given small angular velocity we can find two distinct black
hole solutions: an almost round one with aq  1, which is very close to the extremal
Reissner-Nordstro¨m black hole, and a highly pancaked one with aq  1. Note, however,
that these two black holes have very different spins, since the angular momentum J for
fixed charge grows monotonically as the gaussian profile broadens with increasing aq.
Eq. (3.12) shows that it is possible to have highly pancaked black holes (with large aq)
whose angular momentum is small if the charge is sufficiently close (but still not equal)
to the maximum value, namely 1/
√
2 − q  2√2/a4q . The existence of these black holes
with near-extremal charge and small spin whose horizons are pancaked along the rotation
plane was first identified in [13] in any dimension D ≥ 6. Their extremal limit corresponds
to singular solutions of disks of extremal charged dust. In contrast to the method used
in [13], which only works in the highly-pancaked limit (charged or not), our construction
allows to cover the entire phase space of charges (above extremality) and rotations, and
thus interpolate continuouly between plump and pancaked solutions.
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4 Charged rotating black bars
We can similarly apply the procedure described in sec. 2.1 to the neutral black bar solution
of [26], and thereby generate charged rotating black bars, with area-radius profile
R(t, r, φ) = 1− r
2
4
(
1 +
√
1− 4Ω
2√
1− 2q2 cos (2(φ− Ωt))
)
. (4.1)
If we employ corotating coordinates
xt = r cos(φ− Ωt) , yt = r sin(φ− Ωt) , (4.2)
then the solution (4.1) reads
R(xt, yt) = 1− x
2
t
2`2⊥
− y
2
t
2`2‖
, (4.3)
where the lengths parallel to the bar and transverse to it are
`2‖ =
2
1−
√
1− 4Ω2√
1−2q2
,
`2⊥ =
2
1 +
√
1− 4Ω2√
1−2q2
. (4.4)
The effect of adding charge to a bar of a given mass and angular velocity is to reduce its
length `‖ and increase its thickness `⊥.
4.1 Physical properties and non-uniqueness
For these solutions the angular momentum is
J =
√
1− 2q2
Ω
M , (4.5)
while the charge, entropy, temperature and potential are given by the same expressions as
(3.7)–(3.10).
The angular velocity Ω varies between 0 and a maximum Ωmax which is the same as in
(3.13). Therefore the angular momentum of the black bars is bounded below, satisfying
J
M
≥ 2
(
1− 2
(
Q
M
)2)1/4
. (4.6)
This is the region marked in red in fig. 1.
Unlike the solutions of the previous section, there is only one black bar for given Ω and
Q/M . The limit Ω → 0 yields an infinite, static charged black string. As in the neutral
case, long charged bars behave like rigidly rotating solids with J ∼M`2‖Ω.
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When Ω = Ωmax the solution becomes axisymmetric, with `‖ = `⊥; actually, we recover
the same maximally-rotating charged black hole of sec. 3 with aq = 1. Thus this solution
sits at a bifurcation point in solution space—actually it is a line of bifurcation points,
parametrized by q. We will see later that this family is indeed marked by the appearance
of a zero mode at the threshold of a bar-mode instability of the axisymmetric charged
black holes.
For M , Q and J that satisfy (4.6) we can always find a Kerr-Newman black hole and a
black bar with the same values of these conserved charges. In this range, therefore, black
hole uniqueness does not hold. These solutions also have the same entropy (to leading
order at large D), but even if they are thermodynamically equally preferred, they can
differ in their dynamical stability. Indeed, we will see that near the saturation of the
bound (4.6) the Kerr-Newman black hole is linearly unstable while the black bar is (most
likely) stable.
4.2 Radiation from charged black bars
In any finite number of dimensions, a charged rotating black bar will radiate both elec-
tromagnetic and gravitational waves. It is easy to estimate that the radiating power into
each channel is
P em ∼ GQ2`2‖ΩD , (4.7)
P gr ∼ GM2`4‖ΩD+2 , (4.8)
where, note, we are measuring the charge in geometric units, hence the factor G in P em.
Since we always have Ω ≤ 1/2, this radiation at large D is exponentially small, ∼ e−D,
and thus invisible in the perturbative 1/D expansion. This is why in our approach we can
find black bars as stationary solutions: their decay time is exponentially long in D.
For a long black bar, with
`2‖ ∼
√
1− 2q2
Ω2
(4.9)
the ratio of radiation into each channel is
P em
P gr
∼
(
Q
M
)2 1√
1− 2(Q/M)2 . (4.10)
There are two different factors here that, as charge is added to the bar, enhance the
power into electromagnetic radiation relative to gravitational radiation. The overall factor
(Q/M)2 accounts for the larger amount of charge that the bar carries. The second factor
in (4.10) is due to the electromagnetic-dipolar vs. gravitational-quadrupolar nature of the
emission of radiation: as we mentioned above, for a given mass and rotation velocity the
bar gets shorter and fatter as charge is added, which reduces the quadrupole moment by
a larger factor than the dipole moment.
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5 Quasinormal modes
5.1 Co-rotating zero modes
We begin by studying co-rotating zero-mode perturbations, which keep the solution sta-
tionary. In this case we can directly adapt the results obtained in [26] for the neutral
case. Note that stationarity of the charged perturbations implies that there is no charge
diffusion mode.
5.1.1 Kerr-Newman black hole
By a direct map from the neutral case, we obtain the co-rotating, zero-mode perturbations
in the form
R(r) = 2
1 + a2q
(
1− r
2
4
)
+  δR(r)eimφ(φ−Ωt) , (5.1)
where
δR(r) = r|mφ|L|mφ|k
(
r2
2(1 + a2q)
)
. (5.2)
These modes only exist if the width parameter aq takes the values
a2q,c = `− 1 , (5.3)
with
` = 2k + |mφ| , k = 0, 1, 2, . . . , |mφ|= 0, 1, 2, . . . (5.4)
which in turn implies via (3.5) a quantization condition for the angular velocities at which
zero modes appear
Ω =
√
`− 1
`
(
1− 2q2)1/4 , (5.5)
(only ` ≥ 2 is meaningful) and also for the angular momenta
J
M
= 2
√
`− 1
(
1− 2
(
Q
M
)2)1/4
. (5.6)
Observe that the appearance of these modes—which, we will see, mark the thresholds of
instabilities—depends on the width of the profile, aq, and not on the charge and rotation
separately. In particular this implies that the addition of charge reduces the range where
a solution of given rotation is stable. Equivalently, a mode of given k and |mφ| will appear
at lower rotation the larger its charge is. Again, these are manifestations of the repulsive
effect of charge.
The axisymmetric modes with mφ = 0 are expected to lead to branches of ‘bumpy
charged black holes’. The fundamental non-axisymmetric modes, with k = 0 and ` =
|mφ|≥ 2 are multipole-bar-mode deformations5; when ` = |mφ|= 2 we recover the lin-
earization of the charged black bar (4.1) solution near the maximal angular velocity (3.13).
Indeed (5.6) for ` = 2 correctly reproduces the bound on the existence of black bars.
5The mode with k = 0 and |mφ|= 1 is gauge.
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5.1.2 Black Bars
The same analysis applies for charged black bars, which have zero modes for
Ω
(1− 2q2)1/4
=
√
2
3
,
√
3
4
,
2
5
. . . (5.7)
or equivalently, for
J
M
=
n+ 1√
n
(
1− 2
(
Q
M
)2)1/4
, n = 2 , 3 , 4 . . . (5.8)
(the value n = 1 corresponds again to the bifurcation with KN black holes). As before,
adding charge makes the zero modes appear at slower rotation.
These zero modes, like those found in [26], create ripples along the bar which, in the
limit Ω→ 0 where `‖ →∞, become Gregory-Laflamme modes of a black string. Although
we have not managed to solve for non-zero modes of black bars, we expect that they are
unstable for Ω <
√
2
3
(
1− 2q2)1/4, i.e., for J/M > (3/√2) (1− 2(Q/M)2)1/4. This is
indicated in fig. 1.
5.2 Quasinormal modes of the D →∞ Kerr-Newman black hole
We now turn to the study of the quasinormal modes of the full time-dependent equations
(2.9)-(2.13). We consider linear perturbations of the form
m = m¯(r) + e−iωt+mφφ δm(r) , (5.9)
pr = p¯r(r) + e
−iωt+mφφ δpr(r) , (5.10)
pφ = p¯φ(r) + e
−iωt+mφφ δpφ(r) , (5.11)
q = q¯(r) + e−iωt+mφφ q δq(r) , (5.12)
where m¯, p¯r, p¯φ, q¯ correspond to the charged, rotating black hole background in sec. 3,
concretely,
m¯(r) = m0 exp
(
2
1 + a2q
(
1− r
2
4
))
, (5.13)
and
p¯r(r) = ∂rm¯, p¯φ(r) = Ωm¯r
2, q¯(r) = qm¯ , (5.14)
with Ω the angular velocity in (3.5) and m0 an arbitrary constant.
5.2.1 Charge diffusion perturbations
It is easy to show that the effects due to charge diffusion decouple from the dynamics. In
order to see this, we introduce the variable
δQ(r) ≡ 1
m¯(r)
(δq(r)− δm(r)). (5.15)
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Combining the mass and charge continuity equations, we can easily derive the following
decoupled equation for δQ
δQ′′ +
(
1
r
− r
1 + a2q
)
δQ′ +
(
i(ω −mφΩ)−
m2φ
r2
)
δQ = 0, (5.16)
This the same confluent hypergeometric equation that was found in [26] as governing the
spheroidal harmonics at small polar angles. Its regular solutions can be written as
δQ = r|mφ|L|mφ|k−1
(
r2
2(1 + a2q)
)
(5.17)
where k ≥ 1 is an integer related to ω as
ω = |mφ|Ω− i2(k − 1) + |mφ|
1 + a2q
. (5.18)
Solutions with k = 1, mφ = 0 are pure gauge. As mentioned before, there are no co-
rotating charge diffusion modes.
The remaining equations are a set of three, coupled, second order ODEs, in which
δQ and δQ′ appear as sources. Once a solution for δQ has been inserted, we can solve
for the remaining profiles. The easiest way to reconstruct the profiles is to write down
an appropriate ansatz which reduces the ODEs to algebraic equations for some constant
coefficients. For the axisymmetric case mφ = 0, we find
δa = e
− r2
2(1+a2q)
k∑
i=0
δa(i)r2i , (5.19)
δpr = e
− r2
2(1+a2q) r
k∑
i=0
δp(i)r r
2i , (5.20)
δpφ = e
− r2
2(1+a2q) r2
k∑
i=0
δp
(i)
φ r
2i . (5.21)
For non-axisymmetric modes |mφ|≥ 1, the profiles are given by
δa = e
− r2
2(1+a2q) r|mφ|
k∑
i=0
δa(i)r2i , (5.22)
δpr = e
− r2
2(1+a2q) r|mφ|−1
k+1∑
i=0
δp(i)r r
2i , (5.23)
δpφ = e
− r2
2(1+a2q) r|mφ|
k+1∑
i=0
δp
(i)
φ r
2i . (5.24)
5.2.2 Gravitational perturbations
Since charge diffusion perturbations decouple henceforth we consistently set δq = δm in
order to study perturbations in the mass density and the velocity, which describe the truly
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gravitational degrees of freedom. Their structure closely resembles the neutral fluctuations
discussed in [26]. In particular, they can also be fully decoupled by means of a sixth order
operator which factorizes in terms of confluent hypergeometric operators. More concretely,
we can derive a sixth order equation for δm of the form
L1L2L3δR(r) = 0 , (5.25)
where
δR(r) = δm(r)
m¯(r)
, (5.26)
and the Li are three commuting differential operators of the same confluent hypergeometric
type as in [26],
Li = d
2
dr2
+
(
1
r
− r
1 + a2q
)
d
dr
+
(
2ki +mφ
1 + a2q
− m
2
φ
r2
)
. (5.27)
The constants ki are solutions of the cubic equation
ω3 +
iω2
2(1 + a2q)
P2 +
ω
2(1 + a2q)
2
P1 +
i
2(1 + a2q)
3
P0 = 0 (5.28)
where
P2 = (β
2 + 1)(3`− 4) + 6iaqβmφ (5.29)
P1 = 2a
2
qβ
2
(
`+ 3m2φ − 4
)− 6iaqβ(β2 + 1)(`− 1)mφ ,
− (`− 1) ((β2(β2 + 4) + 1)`− 2(β2 + 1)2) , (5.30)
P0 = a
2
qβ
2(β2 + 1)
(
(2− 3`)m2φ − (`− 2)`
)− 2ia3qβ3mφ (`+m2φ − 2)
β2(β2 + 1)(`− 2)(`− 1)`+ iaqβ(`− 1)
(
β4(`− 2) + 4β2`+ `− 2)mφ , (5.31)
with ` as in (5.4) and we abbreviate
β = (1− 2q2)1/4 . (5.32)
Note that this equation is a cubic in ω and also in ` (or k). Since the operators Li commute,
all solutions of this cubic are equivalent and can be analized separately. Moreover, solving
the radial equations we learn that k must be non-negative integers. Thus, (5.28) becomes
a quantization condition for the frequencies, in such a way that, for a given value of k and
mφ, and the black hole parameters, (5.28) determines three possible frequencies associated
to them.6
Eq. (5.28) reproduces our previous result in [26] in the neutral case β = 1. Moreover,
in the static limit aq = 0 with nonzero charge we can solve to find
ω = − i
2
(`− 2)(β2 + 1), (5.33)
ω = − i
2
(`− 1)(β2 + 1)± 1
2
[
(`− 1)[(β2 + 1)2 − `(β2 − 1)2]]1/2 . (5.34)
6If we keep the degree of freedom δq in the analysis, we can derive an eighth-order equation factorized
into operators of the form (5.27), with a quartic equation for ω which factorizes into (5.28) and a linear
piece equal to (5.18).
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These frequencies match the results obtained in [16, 25] (provided we account for the
different definitions of ` for vectors and scalars), which used a different approach for the
perturbations of static charged black holes at D → ∞. These modes are all stable, but
they illustrate a continuing theme in our analysis: the addition of charge reduces the
stability of the solution, in this case by decreasing the damping rate of the perturbation.
The analysis of the solutions to the quantization condition (5.28) and the reconstruc-
tion of the full profiles proceeds in close parallel to [26]. In the remainder of this section
we record such expressions and highlight the presence of some unstable modes.
Axisymmetric modes: mφ = 0
There are no regular solutions for ` = 0. For ` = 2, 4, 6, . . ., all solutions are regular and
have profiles given by
δpr = e
− r2
2(1+a2q) r
k∑
i=0
δp(i)r r
2i , (5.35)
δpφ = e
− r2
2(1+a2q) r2
k∑
i=0
δp
(i)
φ r
2i . (5.36)
Non-axisymmetric modes: |mφ|≥ 1
• For k = 0, ` = |mφ| we find
ω0 =
aqβ(|mφ|+4)− i(β2 + 1)(|mφ|−2)
2(1 + a2q)
, (5.37)
ω± =
(|mφ|−1)[2aqβ − i(β2 + 1)]
2(1 + a2q)
(5.38)
± i
2(1 + a2q)
{
(|mφ|−1)(β2 − 1)2|mφ|+
(
2aqβ − i(β2 + 1)
)2}1/2
. (5.39)
Modes with frequency ω0 are regular for |mφ|> 2, so they are stable. Modes with
ω = ω± are regular if |mφ|≥ 1. All these solutions have profiles of the form
δpr = e
− r2
2(1+a2q) r|mφ|+1δp(1)r , (5.40)
δpφ = e
− r2
2(1+a2q) r|mφ|+2δp(1)φ . (5.41)
• For k ≥ 1, all solutions are regular and have profiles given by
δpr = e
− r2
2(1+a2q) r|mφ|−1
k+1∑
i=0
δp(i)r r
2i , (5.42)
δpφ = e
− r2
2(1+a2q) r|mφ|
k+1∑
i=0
δp
(i)
φ r
2i . (5.43)
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Near-critical unstable modes
The zero modes that signal the onset of the instability, already found in (5.3), occur
at
aq = aq,c ≡
√
`− 1, ω = ωc = |mφ|Ω . (5.44)
In order to examine the solutions near this point, we perform a perturbative analysis
letting
aq = aq,c + δaq, ω = ωc + δω . (5.45)
We find
Re δω = δaq
4β3|mφ|
(−4(β2 − 1)2 − (β2 + 1)2`2 + 4(β2 − 1)2`)
`
(
(`− 1) ((β2 + 1)2`− 2(β2 − 1)2)2 + 4β2(β2 + 1)2|mφ|2
) , (5.46)
Im δω = δaq
2β2(β2 + 1)
√
`− 1{(`− 2)` ((β2 + 1)2`− 2(β2 − 1)2)+ 8β2|mφ|2}
`
(
(`− 1) ((β2 + 1)2`− 2(β2 − 1)2)2 + 4β2(β2 + 1)2|mφ|2
) .
(5.47)
The imaginary part of the perturbed frequency is manifestly positive for δaq > 0,
which shows that there are unstable modes for aq > aq,c. For |mφ|= 0, the real part
of the frequency vanishes, so these modes are static. On the other hand, for |mφ|> 0
these modes have a non-zero real part so they correspond to bar modes. Moreover,
we see that for |mφ|> 0 , Re δω < 0: the unstable modes rotate in the same sense
but more slowly than the black hole.
As the charge increases and β decreases from 1 to zero, the value of Im δω/|δaq|
decreases monotonically towards zero. This implies that in the stable side, where
δaq < 0, the damping rate decreases with increasing charge: this is the same effect
as mentioned after (5.34). On the other hand, it also implies that the instability
for δaq > 0 develops more slowly when charge is present; the same behavior was
observed for charged black branes in [23].
In fig. 1 we have only indicated the onset of the instability that appears at slowest
rotation, namely the mode k = 0, ` = |mφ|= 2. This perturbation is unstable for all
Kerr-Newman black holes with aq > 1. As J increases past the thresholds (5.6) and (5.8),
further unstable modes appear in the red region of the diagram.
6 Outlook
The results in this article push our knowledge of higher-dimensional charged rotating black
holes significantly beyond previous studies. We have obtained the complete phase space
of Kerr-Newman black holes (except the strictly extremal solutions) in the limit D →∞,
and investigated in detail their mode stability. We have also constructed solutions for
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charged rotating black bars that should be long-lived at finite D. A running theme in
our study has been that the addition of charge tends to diminish the stability of the
solutions, either by reducing the range of parameters over which they remain stable, or
by decreasing the damping rate of stable perturbations. The shortcoming that one must
remain away from the extremal limit (which need not commute with D → ∞) does not
seem unsurmountable, but it requires careful separate treatment which we postpone for
future work.
Our approach focuses on the geometry close to the rotation axis of the black hole,
within polar angles θ ≈ 1/√D. The study of this region is enough to obtain the black
hole mass, entropy, angular momentum and charge with factorial accuracy O (D−D), and
to capture the wavefunctions and frequencies of quasinormal modes. Still, it would be
interesting to also know the shape of the horizons of these black holes at all polar angles
down to θ = pi/2. Ref. [17] obtained exact solutions of the membrane equations of [25]
with either infinitesimal charge or infinitesimal rotation. The configurations with both
finite charge and finite rotation may require numerical solution of the effective equations.
We expect the existence of other black holes with charge and rotation: charged versions
of the ‘bumpy’ black holes of [28, 29, 30, 31] (indeed we have obtained in sec. 5.1 the zero-
modes with k > 0 and mφ = 0 that create k bumps on a Kerr-Newman black hole); charged
black rings in D ≥ 6 (analyzed in [13] and in [12]); and other solutions that combine the
previous ones in configurations with disconnected horizons. Further extensions of our
analysis also seem feasible, such as the inclusion of charge along with several rotations,
possibly in all independent rotation planes in odd D [16], and the construction of black
holes with p-form dipoles [13, 32, 15]. We expect that the large-D expansion will be useful
for charting the space of these solutions and their stability.
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A Reissner-Nordstro¨m-Tangherlini solution as a gaussian
membrane
Let us consider the Reissner-Nordstro¨m-Tangherlini solution in D = n+ 5 dimensions [3]
ds2 = −f(rˆ)dt2 + f(rˆ)−1drˆ2 + rˆ2dΩ2n+3 (A.1)
with
f(rˆ) = 1− µ
rˆn+2
+
q2
2rˆ2n+4
, (A.2)
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and
At = − q
rˆn+2
. (A.3)
We set units such that µ = 1 and introduce the parameter q ∈ [0, 1/√2] as in (2.17). We
write the sphere Sn+3 as a fibration of Sn+1 over a disk,
ds2 = −f(rˆ)dtˆ2 + drˆ
2
f(rˆ)
+ rˆ2dθ2 + rˆ2 sin2 θdφˆ2 + rˆ2 cos2 θdΩn+1 , (A.4)
and introduce
ρ = rˆ cos θ , r =
√
nrˆ sin θ . (A.5)
Taking n→∞ we focus on small polar angles θ ≈ O (1/√n). Introducing R = ρn we
have
rˆn ' R e r
2
2 , (A.6)
and expanding the metric (A.1) in 1/n we obtain
ds2 ' −Adtˆ2 + 1
n2
dR2
AR2
+
1
n
(
1 +
r2
n
e−r2/2
AR
(
1− q
2e−r2/2
2R
))
dr2 +
r2
n
dφˆ2 + ρ2dΩn+1 ,
(A.7)
with
A = 1− e
− r2
2
R
+
q2 e−r2
2R2
. (A.8)
Change now to the Eddington-Finkelstein (null) time t,
t = tˆ− 1
n
∫
dR
AR
, (A.9)
so that
dt = dtˆ− 1
n
dR
AR
− r
n
e−r2/2
AR
(
1− q
2e−r2/2
2R
)
dr , (A.10)
to find that the solution takes the form of (2.3) with
m(r) = e−r
2/2 ,
q(r) = q e−r
2/2 , (A.11)
pr(r) = −r e−r2/2 .
Since we have pi = ∇im, the velocity is zero and therefore this is the same as the static
limit of (3.3).
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